Abstract. We classify all order 4 class groups of the family of real quadratic fields Q( √ n 2 + 1). The main tools used are special values of Dedekind zeta functions attached to these fields and generalized Dedekind sum.
Introduction
Let n be a positive integer. We consider the one parametric family of real quadratic fields k n = Q( √ n 2 + 1).
Chowla and Friedlander [7] conjectured that if n 2 + 1 is a prime with n > 26 then the class number of k n is greater than 1. They also conjectured that if n is even and n 2 + 1 is square-free then the class number of k n is greater than 1 except for n = 2, 4, 6, 10, 14, 26. The first one was settled by Mollin and Williams [11] under the generalized Riemann hypothesis, and the second one was settled by Biró in [2] . Chakraborty and Hoque [8] proved that the class number of k n is always greater than 1 if n = mp, where m is an odd integer and p ≡ ±1 (mod 8) is a prime. They also proved an analogous result in [5] when n = 3m with m an odd integer. On the other hand, Yokoi [13] showed that the class number of k n is 1 if and only if − t(t + 1) (with 1 ≤ t ≤ n 2 − 1) is a prime. Byeon and Kim obtained certain necessary and sufficient conditions for the class number of k n to be 1 in [3] (resp. 2 in [4] ). Analogous conditions for the class number 3 of k n were derived in [6] .
In this paper, we classify all those class groups of k n which are of order 4. We use partial zeta values attached to k n and generalized Dedekind sum which are discussed below.
Computation of partial Dedekind zeta values.
Let k be a real quadratic field, and ζ k (s) be the Dedekind zeta function attached to k. By specializing Siegel's formula [12] for ζ k (1 − 2n) for general k, Zagier [14] described this formula by direct analytic methods when k is a real quadratic field. For n = 1, it takes the following form. Theorem 1.1. Let k be a real quadratic field with discriminant D. Then
where σ(n) denotes the sum of divisors of n.
Another method of computing special values of ζ k is due to Lang whenever k is a real quadratic field. For an ideal class A ⊂ k, let a be an integral ideal in A −1 with an integral basis {r 1 , r 2 }. We define 
We can now recall the following result of Lang [10] which helps one to compute partial zeta values for A at −1.
Theorem 1.2. By keeping the above notations, we have
where N(a) represents the norm of a and S i (−, −) denotes the generalized Dedekind sum as defined in [1] .
We need to determine the values of a, b, c, d and generalized Dedekind sums in order to apply Theorem 1.2. The following result of Kim [9] helps us to determine the values of a, b, c and d.
Moreover, det(M) = N(ε) and bc = 0.
We now recall the following expressions obtained by Kim in [9] . These expressions are also needed to compute partial zeta values for ideal classes of respective real quadratic fields. 
We first determine Dedekind zeta values attached to k n using Theorem 1.1 and Theorem 1.2. We then compare these values and use some elementary arguments of group theory to establish our results.
Statement and proof of the results
Throughout this section d, h(d) and C(k n ) denote the square-free part of n 2 + 1, the class number and the class group of k n = Q( √ d) respectively. It is easy to see that n 2 + 1 ≡ 1, 2, 5, 6 (mod 8). We first define:
We now prove the following proposition which will be needed in the subsequent results.
Equality holds if and only if
where
Proof. We will provide the complete proof for the case d ≡ 1 (mod 8), and other cases can be handled along the similar lines. In this case, one can easily check that 2 splits in k n , that is
We assume that p i ∈ S n . Then p i splits in k n as follows:
Let A i and B be two ideal classes in k n such that p i ,
Therefore by utilizing Lemma 1.1, Lemma 1.2 and Theorem 1.2, we obtain
, and
We assume that P denotes the principal ideal class in k n , then by [3, Theorem 2.3] we obtain:
By computing ζ kn (−1, A i ) = ζ kn (−1, P), we arrive at n = 2p i . This contradicts the fact that N ≥ 3. Similarly, ζ kn (−1, B) = ζ kn (−1, P) gives n = 4 which is again a contradiction. Also, ζ kn (−1, B) = ζ kn (−1, A i ) implies n = 4p i which is once again a condtradiction. Finally if ζ kn (−1, A i ) = ζ kn (−1, A j ) for i = j, then n = 2p i p j . This again contradicts the fact that N ≥ 3. Therefore A i (1 ≤ i ≤ N ) and B are distinct non-principal ideal classes in k n , and thus h(d) ≥ N + 2. Now by definition, we have
Therefore we obatin (since {P, B,
This implies
This further shows that equality holds in this equation if and only if
As a consequence, we get the following:
We will present the classification of order 4 class groups of k n in three subsections based on n 2 + 1 ≡ 1, 2, 5, 6 (mod 8).
2.1.
In this subsection, we will classify all order 4 class groups of k n when n 2 ≡ 0 (mod 8). We can write n = 2 m n 0 for some integers m > 1 and n 0 ≡ 1 (mod 2). By Proposition 2.1, n 0 has at most two prime factors. We now sub-divide the problem into two cases based on the prime divisors of n 0 . Case I Let n 0 = p t for some integer t ≥ 1. In this case both 2 and p split in k n as in (2.1) and (2.2) respectively. 
Proof. We assume that A and B are two ideal classes in k n such that p,
∈ B then by the use of Lemma 1.1, Lemma 1.2 and Theorem 1.2, we obtain
, and ζ kn (−1, B) = n 3 + 104n 1440 .
Again if P denotes the principal ideal class in k n then ζ kn (−1, P) is given by (2.3). We now equate pairwise ζ kn (−1, P), ζ kn (−1, A) and ζ kn (−1, B) to get n = 4, 2p, 4p. These are not possible since h(d) = 4 and m > 1. This shows that A and B are distinct non-principal ideal classes in k n .
Suppose that C(k n ) ∼ = Z 4 . Then one of A and B is a generator of 
and
Therefore we obtain
, if A is in a generator,
, if B is in a generator.
Using Theorem 1.1 we obtain
This completes the proof.
Case II Let n 0 = p s q t , where p and q are distinct odd primes, and s, t are positive integers. In this case, both p and q split as in (2.2), and 2 splits as in (2.1). Let A, B and C be three ideal classes in k n such that p,
∈ C. Then analogous to the previous case, we obtain
Equating pairwise these values as before, we get n = 4, 2p, 2q, 2pq, 4p, 4q.
This means that A, B and C are distinct non-principal ideal classes in k n , since h(d) = 4, 2 2 |n and s, t ≥ 1. We are now in a position to state the following result which can be proved by similar arguments as in Theorem 2.1 using these three non-principal ideal classes. 
. This subsection deals with the classification of all order 4 class groups of k n when n 2 ≡ 4 (mod 8). It is easy to see that n is of the form n = 2n 0 , where n 0 is an odd integer. By Proposition 2.1, n 0 has at most three prime factors. Therefore we will discuss this subsection in three cases based on the prime divisors of n 0 . Case I Let n 0 = p t for some integer t ≥ 3. In this case too p splits in k n similar to (2.2).
Theorem 2.3. Let n = 2p
t with t ≥ 3 an integer and h(d) = 4. Then the following hold:
Proof. Let A be an ideal class containing p,
. Then we see that p,
2 . Now by using Lemma 1.1, Lemma 1.2
and Theorem 1.2 we obtain:
Further if P is the principal ideal class in k n then ζ kn (−1, P) is given (2.3). As in §2.1, we observe that A and A 2 are distinct non-principal ideals classes in k n since t ≥ 3. This implies that the order of A in C(k n ) is greater than 2. Therefore the order of A in C(k n ) is 4 and hence
Also since A is a generator and P is principal in C(k n ), we have
This implies,
Case II Let n 0 = p s q t , where p and q are distinct odd primes and s, t ≥ 1 are integers. In this case, both p and q split in just like (2.2).
Theorem 2.4. Let n = 2p
s q t with p, q distinct odd primes and s, t two positive integers with one of them is greater than 2.
As in §2.1, we see that both A and B are distinct non-principal in C(k n ) since either s > 2 or t > 2.
Since p,
−1 , so we have
If we assume that C(k n ) ∼ = Z 4 then either A or B is a generator. Let it be A. Then B = A −1 . This shows that A 2 = B which further implies that
Simplifying this, we get n = 2p 2 q which contradicts the assumption on n. Therefore the only possibility is that the order of each of A and B is 2 which is a contradiction. This completes the proof.
Case III Let n 0 = p r q s ℓ t , where p, q, ℓ are distinct odd primes and r, s, t are positive integers. In this case as well p, q and ℓ split in k n similar to (2.2). If A, B and C are ideal classes in k n containing p,
and ℓ,
respectively. Then similar to the previous cases,
Similar computations shows that these ideal classes are distinct nonprincipal in k n . We utilize arguments that used in the proof of Theorem 2.3 to establish the following:
r q s ℓ t with p, q, ℓ distinct odd primes and r, s, t positive integers. If h(d) = 4, then the following statements hold:
. This subsection deals the same problem for the remaining residues classes, that is n 2 + 1 ≡ 2, 6 (mod 8). In this case, n is odd. By Proposition 2.1, n has at most two prime factors. Also if P is the principal ideal class in k n then using [3, Theorem 2.3], we get ζ kn (−1, P) = 4n 3 + 11n 180 .
Case I n has at least two distinct primes. 
Proof. Let p and q be two prime factors of n. Then both p and q split in k n , that is
It is easy to see that (2) Utilizing the previous techniques, we see that all these three ideal classes are distinct non-principal in k n . Clearly C is self-inverse and we can see from ( Case II n is only a prime power. Let n = p t for integer t ≥ 2. Then p splits as in the last case. Following the arguments used in previous results, one can get the following result. 2 ,
